We present a linear treatment of the Einstein-Gauss-Bonnet gravity on a singular co-dimension one brane embedded in (d + 1) dimension anti-de Sitter spacetimes. We exhibit that the zero-energy solution corresponds to the localized massless graviton on the brane with correct momentum and tensor structures. By introducing the higher curvature terms in quadratic form, we consider a braneuniverse in the background of an AdS black hole and evaluate different thermodynamic quantities in the context of gravity localized brane. Many of the theories studied here lead to desirable black hole thermodynamics. We also establish the relations between the 4d CFT parameters on the brane and the 5d bulk parameters associated with the AdS black hole. The relations that support the holographic duality, as well as CFT with an AdS non-dual are explored with essential realizations of the FRW type equations on the brane. These results also shed new light on recently proposed different entropy bounds in the holography.
Introduction
Recently, ideas behind the branes propogating in an anti-de Sitter (AdS) spacetimes with warped extra dimensions [1, 2] have generated tremendous momentum in both theoretical and phenomenological fronts of high energy physics research. The main new ingredient is the possible presence of a "brane" on which the Standard Model degress of freedom could be localized. An intriguing picture was that of Randall and Sundrum [1] , as their first proposal (referred as RS1), put forward to resolve the mass hierarchy problem in particle physics, which also gives an interesting example for trapping gravity on the brane. Since the spacetime metric contains a redshift (warp) factor e −2A(y) , which depends nontrivially on the extra dimension y, this model gives a geometrical resolution of the hierarchy problem in a convincing way. This proposal was made more concrete in the scenario pioneered further by Randall and Sundrum [2] , as their second model (referred as RS2), which gives an elegant example of effective four-dimensional gravity as a bound state graviton mode of the 5d gravity living in an AdS space.
In order to localize gravity to the brane, one may work in an embedding bulk space with a negative cosmological constant, thus the total action in five spacetime dimensions reads
Here κ 5 = 16πG (5) = M −3 * with M * being the five-dimensional mass scale, and h is the determinant of the induced metric on the 3-brane. In the single 3-brane picture [2] , the brane tension T > 0 has to be positive and AdS length scale is set by l 2 = −6M 3 * /Λ. Working in the conformal z-coordinate, the RS bulk metric looks like
The brane resides at z = l, and there is a horizon for observer z > l at z = ∞. The RS2 model has been viewed as a fruitful alternative to the conventional KK compactification because gravity is effectively trapped on a singular 3-brane. The most radical feature of the RS2 model is the presence of usual 4-dimensional gravity as the zero-mode spectrum of 5-dimensional theory on 4d boundary.
Another salient feature of the model is also that one recovers correct momentum and tensor structures by recognizing so called "brane-bending" mechanism [3, 4] , and this holds even with the EinsteinGauss-Bonnet interaction terms [5] .
In the RS scenarios, the attention was paid to Einstein gravity with or without matter coupling on the brane. Of course, a low energy effective action describes the dynamics of a background field for sufficiently weak curvatures at long distance scales. But in search of any realistic brane universes, one cannot ignore the higher order corrections in the Ricci scalar, Ricci tensors and also possibly Riemann curvatures. Indeed the relevant physics can involve finite curvatures, but one must make sure that the neglected higher derivative interactions will make no significant corrections. To deal with physics, one actually needs insight into the theory to determine the cutoff in the number of interactions beyond which one may safely drop the higher derivative terms, so that they would add only small corrections.
When the effect of gravitational fluctuations are small, in comparison to the large number of matter fluctuations, typically one neglects graviton loops, and look for a stationary point of the combined gravitational action, and the effective action for the matter fields. This is implied by solving
where the source being the expectation value of the matter energy momentum tensor. Presumably, one can write the equations of motion in the form of Eq. (3) even when higher curvature interactions are included, if the contribution from them are included in the stress-energy tensor. Specifically, if we allow non-conformally invariant matter fields in the brane-universes, one must take into account the non conformally invariant local terms [6] 
where the Gauss-Bonnet invariant G and the square of Weyl tensor F in (d + 1) dimensions read
Here the constants α i are defined by certain combinations of the number of real scalars, Dirac fermions and vectors in that particular theory, whose exact form depend upon the theory being considered, but is not of our concern in this paper.
Paraphrasing, from the vantage point of the AdS/CFT correspondence [7] , for example, higher curvature terms might correspond to next-to-leading order terms in the large N expansion of the boundary conformal field theory (CFT) in the strong coupling limit. Also that different versions of the conformal anomaly herald the essence of these terms. Typically, the curvature squared terms as the Gauss-Bonnet invariant, which has remarkable features in the brane world scenario [5, 8, 9, 10] , is attributed to the low energy effective string action [11] . The theory we are going to discuss in this paper in connection with a single brane model is multidimensional higher derivative gravity by including the terms quadratic in curvatures.
Refs. [5, 8] have discussed some interesting features of the brane world gravity and Newtonian potential correction with the GB invariant. Since a 3-brane in the RS models is a singular source giving rise to the delta function in the energy momentum tensor, and the delta function is matched by the second derivative of the metric in the equations of motion, one should take the quadratic curvature corrections in the 5d action of the RS models to give no larger than second derivatives of the metric. A concrete example for such quadratic corrections is nothing but the Gauss-Bonnet term, a topological invariant in four spacetime dimensions. It should be emphasized, however, that in the context of warped geometry in D ≥ 5 only the inclusion of such term can explain the qualitative pictures of brane-world gravity in better ways [5, 8, 10] .
Beside, there are a number of outstanding questions with the RS proposals. One of them is the dynamics of AdS bulk gravity when one extends the theory by taking into account the higher curvature interactions, and understanding of the RS braneworlds from the view point of the AdS/CFT correspondence, the most radical example of the holographic principle [12] . The most illustrative version of AdS/CFT asserts that physics in the bulk of AdS spacetime is fully described by a conformal field theory (CFT) on the boundary. It has been known [13] that the RS2 picture is equivalent to the AdS/CFT correspondence with the conformal field theory (CFT) being cut off in the ultra violet, thus one expects that the objects in the AdS bulk can alternatively be described by excitation of a CFT on the RS brane. Another related question is what type of cosmology one may expect due to singular sources on the brane. Recently, the FRW-type brane dynamics has been discussed in
Ref. [14] in the context of RS2 model modified by the GB interaction term. There are also issues related to the structure and thermodynamic properties of the black hole in R 2 -gravity and the nature of a strongly coupled CFT on the brane with a dual or non-dual 5-dimensional anti-de Sitter black hole. With the Einstein term, the thermodynamic quantities of the holographic dual CFT theory at high temperature can always be identified with those of the bulk AdS Schwarzschild black hole. Thus it would be desirable to understand validity of this connection within the context of higher curvature interactions. In this paper we try to answer some of the relevant ones.
The paper is organized as follows. In next Section, we shall begin by expressing the basic equations of the linearized Einstein gravity coupled to the non-factorized RS type metric with a warp factor.
In Section 3, we discuss some essential features of the RS2 scenario in the presence of the GB term.
Importantly, we show that the GB term does not affect the massless graviton mode and the Einstein gravity on the brane. Another remarkable observation is that the GB term in D ≥ 5 does provide information on the boundary condition to be satisfied by the zero-energy wavefunction on the brane.
In Section 4, we shall present a detail understanding of the graviton propagator analysis with the GB interaction. The linearized Einstein-Gauss-Bonnet gravity in (d + 1) = 5 has been studied in the Ref. [5] , so in this Section we would like to extend the analysis valid for arbitrary (d + 1) spacetime dimensions. As few applications, we discuss some radical features of the graviton propagators, and evaluate the correction to the Newtonian potential. Section 5 deals with the anti-de Sitter black hole thermodynamics. In Section 6, we shall give certain realizations of the FRW type brane cosmology and discuss upon the holographic duality in the context of higher curvature interactions. Section 7 contains conclusions. Finally, we present in the appendices some useful derivations of the linearized equations in warped spacetime backgrounds with higher order curvature terms.
Gravity in brane backgrounds
We shall begin with the following effective action in (d + 1)-dimensional space-time (M ), where ∂M represents the d-dimensional boundary,
The indices p, q, Let us consider a smooth version of the multidimensional patched AdS space with metric
where z i count the number of extra dimensions. We study the metric perturbations around the background g ab = e −2A(z i ) (η ab + h ab ). The Einstein field equations (i.e. with α = 0) derived from the action (6) have a solution A(z i ) = log(
i=i |z i |/l + 1) with l being the AdS curvature radius, satisfying the relations
We note that when α = 0, one has T = 0. The four-dimensional brane tension T does not vanish when α = 0 and d + 1 = 6 [9] . In order to recover a non-trivial value of T when d > 5, however, one may introduce generic higher curvature terms, rather than the Gauss-Bonnet term. The above two expressions indeed imply that
This implies that for a meaningful result the bulk spacetime has to be anti-de Sitter (i.e. Λ < 0). The brane tensions Λ k , which measure the strength of brane sources, actually control the discontinuity of the derivatives of warp factor e 2A(z) at each brane. Note that in a single brane model and d + 1 = 5, Λ k is replaced by T , so that Λ k represents the 3-brane tension. 
where
For vacuum brane(s) and for any action of the form (6), one can define δT ab =T ac h c b (wherē T ab =Ḡ ab is taken about the background) in the gauge h µm = 0 and δ mn h mn = 0. That is, one is forced to work in axial gauge h am = 0, also called RS gauge. In this gauge, the linear equations of motion δG ab − κ d+1 δT ab take the following form [15] −
Here
µν and 2 4hµν = m 2h µν , whereh µν = ǫ µν e ip.x ψ(z), ǫ µν is the polarization tensor, we arrive at the following analog non-relativistic Schrodinger equation:
Here V ef f is the effective Volcano potential in (d + 1)-dimensions, which is given by
This reduces to the RS potential when d + 1 = 5, and has been extensively studied in the literature, including Refs. [3, 4, 15] , so we consider the case for a non-trivial α in next section.
Corrections to Newtonian gravity
We allow a non-trivial T (m) µν on the brane, and also a non-zero Gauss-Bonnet coupling α. Then with 4d TT condition and RS choice, h ab only has non-zero components h µν . Thus one considers the scalar wave equation for each of the components h µν in the background ( 7) to study the behavior and mass spectrum of the graviton on the brane. The exact metric solution for the modified Einstein equations is given by A(z) = log( k |z k |/L + 1). Then the linearized field equations take the following form (Appendix C.11)
where size of the AdS curvature length L is given by the bulk solution [9] 1
which can be inverted to get an expression for Λ
Notice that except the term with Dirac delta function, which vanishes for |z| > 0 and also one uses sgn(z) 2 = 1 when z > 0, the equation (14) has a common factor
This suggests that the physics on the brane with the Einstein-Gauss-Bonnet terms will be hidden in a renormalization of Einstein constant. This will be more transparent when we evaluate the exact behavior of the graviton propagators in next section.
3.1 Randall-Sundrum limit in d + 1 = 5
One can define the metric perturbation in a canonically normalized form, i.e. h µν = e 3A(z)/2h µν , and look for the solutions of the formh µν (x, z) = ǫ µν e ip.x ψ(z), where ǫ µν is a constant polarization tensor 
Note, for δ-function regularization purpose, we have replaced γ by 
One obtains the RS type volcano potential when γ = 0. Clearly, L is the only dimensionfull scale in the theory. The inverse of L characterizes the decay width of the potential [15] . We would like to emphasize that, like the case with α = 0, the attractive δ(z) term still implies an existence of localized zero-mode solution for the graviton wave function h µν (0) = e 2A(z) ǫ µν e ip.x , when m 2 = 0. This seems to be the case if the following product term can vanish also on the brane
Fortunately, this is precisely what we actually need in order to satisfy the junction condition at the brane for the normalizable zero-energy wavefunction ψ 0 (z)
by properly regularizing the δ-function, the junction (or jump condition) on the brane naturally arises from the linearized gravitational equations in the presence of Gauss-Bonnet term. Note that to find this in the original RS2 model, however, one must find at first the zero-energy wavefunction by taking
This clearly suggests that inclusion of the Gauss-Bonnet term can explain the qualitative features of gravity on the branes in better ways.
We note that the eigenmodes (with m 2 = 0) on the brane are affected by the GB coupling α, but gravity in the bulk is not delocalized by such term. For m 2 > 0, one has to consider the precise continuum mode for the potential (19) . In order to satisfy the boundary condition implied by the δ-function potential on the brane at z = 0, one must choose the linear combination
Here the coefficient A m is determined from the boundary condition implied by the δ-function potential on the brane at z = 0, which is given by
where χ = γ/(1 − γ). One finds A m = 4/(πL 2 m 2 ) for γ = 0. The eigenmodes with energies m << 1/L and |z| >> L have the same behavior as for γ = 0, which can also be read off from Eq. (27) . Now for a non-trivial γ, the graviton wavefunction corresponding to the continuum of KK modes, when
One can then estimate the static gravitational potential at long distance scales on the brane by evaluating contributions of the zero-energy mode and the massive KK modes (the latter gives the leading order correction). The four-dimensional gravitational potential between two point masses m 1 , m 2 separated at a distance r is estimated to be
where the modified Newton constant is defined by (
Note that the factor (1 − γ) −1 arising from the linearized bulk equation contributes equally to the zero-mode and the KK mode, but one can absorb this term into the four dimensional Newton constant G 4 . Notice that the 4d Newton constant defined above does not involve the contribution from the brane-bending mode, which could change the factor 1/2 into 2/3 [3, 5] .
Green functions in (d + 1) dimensions
The graviton propagator in (d + 1) dimensions can be decomposed into the Fourier modes
where the Fourier components,
Since,
p and p 2 = −q 2 , we arrive at
In the coordinate transformation: A(y) = |y|/L ←→ A(z) = log(|z|/L + 1) (i.e. from a nonconformal frame to a conformal frame) y = 0 is mapped to z = 0. For a definiteness, let us set (d + 1) = 5. As in the case worked out in [3, 4, 5] , when there is matter source on the brane, one may work in the Gaussian normal coordinates such that brane is located atȳ = y + α 5 (x) = 0, with α 5 (x)
being an arbitrary brane shift function, which preserve the gaugeh 55 =h µ5 = 0. A vacuum brane could be located atȳ = −∞, which corresponds to z = 0.
Let us note that in Gaussian normal coordinates (x,ȳ), the Fourier modes of the propagator in
Here dot represents differentiation with respect toȳ, and the source term Σ µν is given by [4, 5] 
µν (x,ȳ) = T µν (x)δ(ȳ), the condition Σ µ µ = 0 justifies the gauge choiceh = 0.
The boundary condition, analogous to the Newmann boundary condition on the gravitational field
Then Eq. (27) would imply the following matching conditions at z = z ′ :
The most general solution of the Bessel Eq. (27) , satisfying the matching equations (31) plus the boundary condition (30) leads to the following general expression of the graviton propagator, for
is the Hankel function of the first kind. When z > z ′ , the use of the boundary condition as z → ∞, analogous to the Hartle-Hawking boundary condition which requires the +ve frequency wave be ingoing to the anti-de Sitter horizon z → ∞ but no re-emission, results in
The use of Eq. (31) would imply the following general expression for the graviton propagator:
When one of the arguments of G d+1 is at z ′ = L, the above graviton propagator can be reduced to
For both arguments of the propagator at z, z ′ = L, use of the Hankel recursion relation H ν−1 (qL) + H ν+1 (qL) = (2ν/qL)H ν (qL) would rise to give
where c is a dimensional constant (c = 4, 64, · · ·, for d = 6, 8, · · ·) and the last expression above involving logarithmic term will be absent when d is odd d = 5, 7, · · ·. Therefore,
The long distance behavior (r >> L) of the propagator is governed by the small q behavior of the Fourier mode, so that for the case qL << 1, the leading order contribution to the propagator comes from the logarithm. In d + 1 = 5, for |x − x ′ | >> L, i.e., qL << 1, at the leading order in q, one has,
Therefore, G 4 (x, x ′ ) is just the ordinary massless scalar propagator in four-dimensions. Eq. (37) suggests that even with the GB interaction a 4d massless graviton propagator is contained in the 5d
propagator. Analogous to the γ = 0 case, we recover the standard 4d zero-mode (massless) graviton propagator as the 4d massless scalar propagator even when γ = 0. For the KK modes, we obtain
Clearly, at large distance scales on the brane, |x − x ′ | = r >> L, contribution from the KK mode (41) would be very small compared to the zero mode piece (38) Below we briefly mention some novel features of the above results by restricting the spacetime dimension to five. As an immediate implication is that in the limit qL << 1 (i.e., |x − x ′ | = r >> L), one can evaluate the Newtonian potential due to a point source of mass 2πm * on the brane, which follows from (39) by integrating over time [5] 
This is identical to the result we obtained from mode analysis in the previous section.
Let us note that when both the arguments of the propagator are on the brane, the metric fluctuation h µν on the brane can be read [5] 
Thus the one-particle exchange amplitude in the presence of matter source T (m)
µν is given by
Since this is positive definite and ghost (negative norm state) free, we find the correct expression for the massless spin-2 graviton observed on the brane, thus the RS2 model is free from ghost. The result is not unexpected for the higher curvature terms in the Gauss-Bonnet combination, because this is the only variant of the higher derivative gravity which is ghost-free in any space-time dimensions. It is worth mentioning that the fourth-order gravity defined by the interactions
is also free of massive spin-2 ghost in four spacetime dimensions [16] .
AdS black hole thermodynamics
Perhaps, a natural tool to explore the AdS/CFT as well as AdS/non-CFT correspondences is to implement the general higher derivative terms to the effective effect, and to study the thermodynamics of the anti-de Sitter black hole. To begin with, we consider the following (d+1) dimensional gravitational action containing terms upto quadratic in the curvatures
whereκ = 16πG, K = K a a is the trace of the extrinsic curvature of the boundary, K ab = ∇ a n b , where n a is the unit normal vector on the boundary. Note that the second action above is attributed to the Gibbon-Hawking boundary action. While working in (d + 1)-dimensional anti-de Sitter space (Λ < 0), we simply drop the surface terms including the Gibbon-Hawking action in Eq. (45). However, the surface terms, including the higher order, may be essential to evaluate the conserved quantities when the solutions are extended to de Sitter (dS) spaces.
Let us define the metric ansatz in the following AdS Schwarzschild form
where h ij is the horizon metric for a constant curvature manifold M d−1 with the volume
For (46), the non-vanishing components of the Riemann tensor are evaluated to be
We readily obtain the following non-trivial components of the Ricci tensor
where R ij = (d − 2)k h ij with k being the curvature constant, whose value determines the geometry of the horizon. Indeed, the boundary topology of the Einstein space (M d−1 ) looks like
This means that the event horizon of the black hole can be a hypersurface with positive, zero or negative curvature. Note, for the spherically symmetric black holes, the event horizon is generally a sphere surface. While, if the horizon is zero or negative constant hypersurface, the black hole is referred as topological black hole. In the absence of higher curvature terms, the behavior of topological Schwarzschild black holes in anti-de Sitter space were discussed, for example, in [17] . But it would be essential to include the quadratic curvature terms in order to better understand the thermodynamic behavior of the topological AdS black holes.
Before going forward, we assume that the (d + 1)-dimensional spacetime is an Einstein space, with negative cosmological constant,
where L 2 > 0 (< 0) if Λ < 0 (> 0). This is always possible provided that the horizon geometry is also an Einstein space
Then one easily computes the Ricci scalar
At first, let us consider the case of γ = 0. Remarkably, when γ = 0 in Eq. (45), the field equations following from this integrate to give the metric solution (46) with [18] 
The curvature squared L 2 in (53) is related to the cosmological term Λ via
While, the integration constantM , with dimensions of (lenght) d−2 , is related to the ADM mass M of the black hole via the formula [19] 
For d+1 = 5, by defining e −σ(y) = r, we can bring the metric (46) in the following Randall-Sundrum type five-dimensional warped metric 3
To make the role of the "brane" dynamic, one also adds to (45) the following boundary term
where, the ellipsoids represent the higher order surface terms, and ∂B denotes the surface of the brane with a constant extrinsic curvature K ab . This action actually represents the brane action corresponding to the vacuum energy on the brane, and describes the dynamics of the brane in the black hole bulk space-time. As shown in [20, 21] , to the leading order, one may drop the higher order surface terms by imposing certain restriction on their scalar invariants (we refer the readers to [21] for details), and this is the choice we adopt in this paper. The extrinsic curvature K ab of the hypersurface can be easily calculated from (58). Then the variation δI + δI ∂B at the 4d boundary would rise to give
As in Ref. [18] , we assume that the gravitational couplings κ andκ are related by
so that the first bracket in (60) vanishes. Hence the dynamical equation on the brane reduces to where ε is given by (55), and in the second step σ ′ | y=0+ = −1/L has been used. Note, when ε = 0, we recover the RS-type fine tuning relations defined in Eq. (8) . Since the brane tension T is a free parameter, one may fix this in order to obtain a flat brane solution. Since the metric is 3+1 dimensional Minkowski spacetime, the four-dimensional cosmological constant is zero.
Thermodynamic quantities with γ = 0
In order to calculate the essential black hole thermodynamic quantities, it is essential to regularize the classical action. It is customary to find first the Euclidean action by analytic continuation. That is, after Wick-rotating the time variable t → iτ , one regularizes the Euclidean section E by identifying the Killing time coordinate with a period τ = β ≡ 1/T = 2π/κ * , where κ * is the surface gravity of the black hole horizon. In this way, for the background metric (46) with γ = 0, the classical action takes the form
where r = r H is the size of black hole horizon, V 3 is the volume of the constant curvature manifold M 3 and ε = 8κ 5 (β + 5α) /L 2 . Then, after the regularization, the Euclideanized action I can be identified with the free energy (F ) multiplied by 1/T . Note that one may set the free energy (F ) of the thermal AdS space (M = 0) to zero. Following [22, 20] , the free energy (F ) and the Hawking temperature T H evaluated in d + 1 = 5 turn out to be
By definingG = G/(1 − ε), the entropy and the energy of the black hole then read as
Clearly, the energy of the AdS black hole can be identified simply by the mass of the black hole in terms of the renormalized Newton constant. Note, this is, in general, not the case when γ = 0. Furthermore, the quantities which are defined here for AdS-Schwarzschild black hole, can be identified, up to a conformal factor, except for entropy which is not subject to this rescaling, with the same quantities defined on the boundary of AdS 5 , a intuitive notion of the conjectured holographic duality.
We then turn to the action (45) with α = β = 0 but γ = 0. In this case, we can find only a perturbative solution, which generally holds in the limits l > 2 √γ and µ l 2 > r d . For definiteness, we choose to work in (d + 1) = 5, then the approximate metric solution is given by
whereγ = 2γ κ 5 , and l 2 is related to Λ via the relation
Since µ is an integration constant with dimension of (length) d−2 , we may rescale
so that the metric solution may be expressed in the following form
Note that the perturbative solution for (Riemann) 2 gravity looks similar, except the value of the curvature squared term L 2 , to that in the Einstein-Gauss-Bonnet gravity 4 . The authors of Ref. [21] have considered the above metric solution, but actually missed to explain the correct behavior of the thermodynamic quantities.
Notice that the curvature squared term L 2 , for non-trivial α, β and γ, in general (d+1)-dimensions, can be related to Λ via [24] 
The integration constantM at the singularity e 2φ(r) = 0 reads, from the Eq. (70), as
where r + = r H is the black hole horizon. The corresponding Hawking temperature T H is defined by
We follow the Euclidean prescription for regularizing the action, and identify the Euclidean action with the free energy times 1/T . Thus, when (d + 1) = 5, we find the following expression for free
whereγ = 2γ κ 5 , and Eq. (72) has been substituted in the second step above. Note, the entropy of the black hole can be determined by using the thermodynamic relation
where the derivative terms dF/dr + and dT H /dr + take the following forms
Hence we obtain (sinceγ = 2γ κ 5 )
For a large size black hole 2r 2 H >> kL 2 , presumably, we may approximate the entropy by using
Thus the entropy of black hole can be read off
Furthermore, for the 2r 2 H >> kL 2 case, the second term in the first round bracket is too small as compared to the first one. Thus in the limit 2r 2 H >> kL 2 , we find We can find the black hole energy using E (≡ T S + F ), which is then easily evaluated to be
H /L 2 is the value ofM + when γ = 0. Thus in the (Riemann) 2 -gravity, in general, entropy is not one quarter of the surface area of the horizon, and also energy (E) of the black hole is not simply M (≡ 3V 3M /(16πG 5 )) even for the vanishing intrinsic curvature (k = 0).
One would actually find additional contributions for a non-trivial γ. This result is known in the literature [25] , an essential new ingredient here is that we implement them in the next Section to further explore relations between the bulk parameters associated with the AdS Schwarzschild black hole to the boundary parameters defined on the brane (boundary of the AdS geometry).
For k = 0 and −1, the above expressions for energy and entropy are well defined. For k = 1, however, one apparently sees a singularity at 2r 2 H = L 2 (Eq. (81)). Note, there is no real singularity at 2r 2 H = L 2 . One can easily check, for k = 1, that as r 2 H → L 2 /2, the first round bracket in (81) also vanishes, thus the expression for black hole energy is regular every where. Interestingly, for the k = 1 case, if the horizon radius r H is fixed by 2r 2 H = L 2 , the energy of the black hole in (Riemann) 2 gravity is simply given by
Thus, for the k = 1 case, the tuning 2r 2 H = L 2 makes our candidate for the entropy credible to recover an expression similar to those of black holes without the (Riemann) 2 term. Notice that the entropy (77) is also regular at L 2 = 2r 2 H . This particular feature seems crucial to our construction of the (Hawking-Bakenstein) entropy (S) and the black hole energy (E).
It has been known that entropy of the black hole can be expressed as a local geometric (curvature) density integrated over a space-like cross section of the horizon. Notably, an entropy formula valid for any effective gravitational action including higher curvature interactions were proposed in [25] , which is based on the first law of thermodynamics, and a computation of the Noether charge at the horizon surface of the black hole. The former states that
where κ * , M, Q and J are the surface gravity, the mass, the angular velocity and the angular momentum. For non-spinning black hole J = 0, it reduces to T δS = δM . One can infer from [25] that the black hole entropy for the action (45) takes, when d + 1 = 5, the following form [21] S = 4π
where h is the induced metric on the horizon. Eq (84) indeed heralds that one can relate variations in properties of the black hole as measured at asymptotic infinity to a variation of the geometric property of the horizon. Since the curvatures quantities are defined for d + 1 = 5 in the following form
from the Eq. (84), when α = β = 0, we readily obtaiñ
Note, in the limit 2r 2 + >> kL 2 , the entropies one finds from (84) and (77) are identical. Our results are suggestive, and clearly contradict with the observations made in Ref [21] in this regard. Note, when k = 0, as expected they give the same results. In Ref. [26] , the candidate for the entropy (84) is determined by relating the variation of the action to an asymptotic integral involving a time-like killing vector at the horizon. Basically, one considers the formula (84) for entropy of the black hole in asymptotically flat backgrounds (L 2 → ∞ or Λ = 0), so that all the information about the interior of a black hole is stored on its horizon. Importantly, since the entropy of the black hole can be directly approximated from the thermodynamic properties of the black hole horizon, this might reveal some insight of the AdS/CFT correspondence.
For a non-trivial k, the difference between S andS in the limit 2r 2 H >> kL 2 , is
Thus, for the k = 0 case, the usual intuitive notion that the entropy is a property of the horizon of the black hole fails for (Riemann) 2 gravity, that is, information stored at its surface is not rich enough to describe physical process in its interior. The negative sign above also implies that entropyS evaluated from a sum of intrinsic curvatures integrated over a cross-section of the black hole horizon is larger than the entropy S evaluated from the black hole thermodynamics. This quantifies that (84) actually gives the maximum value for entropy. Obviously, the above difference in entropy vanishes when k = 0 or γ = 0. A crucial fact is that (Riemann) 2 -gravity defined for AdS (-Schwarzschild) black holes can have non CFT field as dual one, thus the difference in two entropies may characterize a broken conformal symmetry, which gives a measure for deviation from AdS/CFT correspondence. We will be more explicit upon this in the next Section.
Quantities with non-trivial α , β , γ
Now, for non-trivial quadratic curvature couplings α , β and γ, the free energy (F ), the entropy (S) and the total energy (E) of the 5d AdS Schwarzschild black hole read
where ε = 4κ (γ + 2β + 10α) /L 2 , andM 0 is related to the mass parameterM when α = β = γ = 0.
We expect that any higher derivative interaction will appear with coefficients of the order of Planck scale, thus, in general, one has to assume that (1 − ε) > 0. Furthermore, in order to trust any solution, the size of the AdS curvature scale L must be of the order or smaller than the fundamental scale M −1 * of the theory. More precisely, in an AdS 5 space, L 2 κ 5 (≡ 16πG 5 ). Hence, when γ > 0, the free energy F is always negative for k = 0 and k = −1, and such black holes are globally stable. In other words, the corresponding CFT defined on a brane is always dominated by the black hole. This means that there cannot exist the Hawking-Page phase transition [19] for AdS black hole with a Ricci flat or hyperbolic horizon. For the k = 1 case, F can be negative for large black hole with r 2 H >> L 2 if γ > 0. While, for a small size black hole r 2 H < L 2 , the free energy F can be positive, since γ is small and positive, thereby allowing the Hawking-Page type phase transition to occur. For r 2 H < L 2 , and ε < 1, but γ < 0, the free energy is always positive, and hence a global AdS vacuum (space) is preferred over AdS black hole. However, if γ > 0, this behavior depends upon which term in Eq. (88) dominates for a small size black hole r 2 H < L 2 . To get more insights about free energy, let us express the curvature squared terms in the GaussBonnet combination: α = −β/4 = γ. In this case, since ε = 12ακ/L 2 , we find
whereα = 2ακ 5 . This result agrees with that reported in Refs. [26, 27] , and also matches up to the orderα 2 . Note, with GB term,
in this paper, and we may also use
Ref. [26, 27] . Finally, we evaluate entropy for the Gauss-Bonnet black hole. In the limit r 2 H >> L 2 , we readily obtain
This also agrees with the expression given in Refs. [26, 27] . For k = 0, the last factor modifies the usual Einstein gravity result S = A/4G. A clear message is that if a black hole has an arbitrary nonstationary horizon (k = 0), the entropy generally increases in a quasi-stationary process. Presumably, a non-stationary entropy always increases even during a dynamical process, which is in accordance with the classical increase theorem [25] . Note that even with the GB invariant, the black hole entropy is, in general, not given by one-quarter the surface area of the horizon if the black hole horizon is curved (k = 0). However, for k = 0, one readily finds
Thus when the horizon is a zero curvature hypersurface, entropy of the Gauss-Bonnet black hole is precisely the same as those of black hole without the Gauss-Bonnet term. This special connection is the reminiscent of the topological behavior of the GB invariant, but does not hold in the generic higher derivative interactions.
Relating boundary and bulk parameters
It has been known, via the holographic principle, that thermodynamic quantities of the CFT (defined on the boundary or brane) can be determined by those of the global AdS space (vacuum), the notion of the celebrated AdS/CFT correspondence [7] . Witten presented meticulous work [28] , where he argued that such a correspondence might exist (to a needed accuracy) even if we give a finite temperature to the bulk AdS (so that the pure AdS bulk is replaced by AdS-Schwarzschild black hole), and define the CFT on the boundary at finite temperature. In particular, one could associate the mass (energy), temperature and entropy of the black hole with the corresponding quantities in the boundary CFT.
Thus it might be essential to formulate relations between the parameters defined on the boundary of AdS (CFT parameters) and the 5d bulk parameters. Below we wish to examine this correspondence by introducing R 2 terms, for both cases: γ = 0 and γ = 0.
Notice that the coordinate transformations given in the footnote (3) give a solution [18] , defining dη = e −σ(y) dτ , η is the new time parameter (conformal time) defined on the brane,
where σ * = ∂ η σ and σ ′ = ∂ y σ. One may specify the functions r = r(η), t = t(η), so that −σ * ≡ H 0 (≡ r/r) becomes the Hubble parameter. Eq. (94) indeed ensures that the induced metric on the brane takes the standard Robertson-Walker form
so that the size of the d-dimensional universe is determined by the radial distance r from the center of the black hole. Basically, in applying the holography in the cosmological context, one might concern about a natural choice of the holographic boundary. As a convenient choice, one considers 
being the d-dimensional Newton constant, ρ =Ẽ/V is the energy density of the brane matter, and
Here ρ is the energy density of the CFT within the volume V = r d−1 Vol (M d−1 ). Similar expressions have been realized in Ref. [29] , but in a different setting. Let us note that when the brane crosses the black hole horizon r = r H , the energyẼ coincides with the gravitational energy E (given by Eq. (66)), up to a conformal factor to be determined from the bulk-brane dynamics. For a critical brane k = 0, this factor is simply L/r.
By differentiating Eq. (96), we find the following second Friedman equatioṅ
being the pressure of brane matter. Since one finds −ρ + (d − 1) p = 0, the induced CFT matter is radiation-like (i.e. matter on the brane is conformal T brane µ µ = 0). But, in general, this is not the case when one allows a non-trivial coupling γ with the (Riemann) 2 term [21] .
Let us allow a non-trivial γ (but with α = β = 0). In this case, we have the following results
with κ 4 = 16πG 4 being the 4d gravitational coupling constant. By differentiating Eq. (100), one finds the following second FRW equationḢ
where p is the pressure on the brane, which is given by
Obviously, from Eqs. (101) and (103), we find
Thus, with γ = 0, the trace of the energy momentum tensor due to the matter on the brane, in general, does not vanish, (T µ µ ) matter = 0. This is perhaps due to a broken conformal symmetry with γ = 0. Before proceeding further, we note, from the analogy of the graviton propagator analysis of that given in the Section 2 (Eq. (37)), that the 4-dimensional graviton coupling κ 4 is related to the 5-dimensional gravitational coupling κ 5 via
Here, when α = β = 0, we have ε = 4κγ/L 2 . The sign and value of λ has to be fixed from the exact propagator analysis. If one regards the brane as the boundary of the AdS geometry, one finds simply λ = 1. Naively, one expects ε = 12ακ 5 /L 2 and λ = 1 for the Gauss-Bonnet invariant. But this is not true for the gravity localized RS-type singular (δ-function) brane . The exact propagator analysis in section 2 clearly exhibited that λ should be −1/3, i.e. −λε = 4ακ 5 /L 2 ≡ ξ. Note, a factor (1 − ξ) −1
arose there from the bulk part, while another factor (1 − ξ)/(1 + ξ) would arise from the zero-mode propagator in the case of the δ-function brane. Furthermore, for the singular (δ-function) brane with a warpped metric, ξ should read 12ακ 5 sgn(z) 2 /L 2 for GB term. But due the singular source on the brane, ξ on the co-dimension 1 brane has the value 12ακ 2 5 δ(z) sgn(z) 2 /L 2 . Since δ(z) sgn(z) 2 = δ(z)/3 for the regularized δ-function, one simply finds ε = 4ακ 5 /L 2 on the boundary (brane), this is what we explicitly obtained there from the propagator analysis. A caveat is that we cannot perform such analysis for (Riemann) 2 gravity in a warped background, which then involves fourth derivatives of the warp factor, second derivative of the δ-function.
In the following we assume the brane as the horizon of the AdS geometry. In this case we simply find ε = 2γ/L 2 and λ = 1 when α = β = 0. Note, when d + 1 = 5, bulk is the five dimensional AdSSchwarzschild black hole spacetime. To make the role of brane dynamic, one defines the brane as the real boundary by assuming that the brane starts inside the black hole at the past singularity, then, as it expands, moves away from r = 0. The behavior at late infinity depends on the boundary geometry.
Then it is interesting to consider a moment in the brane's cosmological evolution at which the brane crosses the black hole horizon, i.e. r = r brane = r H , thusM =M + . Hence after implementing the relation (105), from Eq. (101) we obtaiñ
Since the CFT time (brane time) is rescaled by the factor of L/r with respect to the AdS time, the energyẼ of the CFT is rescaled by the same factor L/r, i.e.
Note, however, that the above conformal factor L/r is the value known when the horizon geometry (a CFT brane) is flat (k = 0), but might be different for CFT defined on a curved (non-critical) brane, k = 0. It has been argued in Ref. [30] that for non-critical branes (i.e. k = 0), the AdS length scale L in (105) should be replaced by 1/T , where T is the brane tension. In the following we assume only the case that the asymptotic boundary of AdS 5 spacetime is flat (k = 0). Hence we obtain
When brane crosses the horizon r brane = r H , identifying the position of the brane as an asymptotic boundary of the AdS spacetime, the two expressions for energy, Eq.(108) and Eq. (81), in general, do not coincide even for a critical brane (boundary) with k = 0. When the brane moves in the ordinary bulk matter or falls into the horizon, they give obviously different values. Thus the conformal symmetry is, in general, broken in the presence of (Riemann) 2 term, i.e. the holographic energy E AdS does not coincide with black hole energy E. We are not really surprised by our result, rather this connection might be useful to understand that the conjectured duality that may exist between AdS spacetimes and CFTs cannot be exact with (Riemann) 2 term.
Here we comment upon the size and location of the brane for a flat and static brane. If the brane is flat (k = 0), the horizons defined by e 2φ(r) = 0 (Eq. (67)) read
Now, if the brane is static, we also have H 0 = 0. Then the Friedmann eqution (102) would rise to give two horizons. However, the physical one (the one which reduces to that of Einstein's gravity when γ = 0 and would be of more physical interest) is given by
Clearly, for γ > 0, there is a critical point at
where one finds r 4 brane = r 4 − , that is, the brane coincides with the black hole inner horizon. For γ > 0, the brane lies outside the (black hole) inner horizon when l 2 > 6γ. While, brane lies inside the black hole horizon when l 2 < 6γ.
Note that for the validity the conjectured holographic bound [31, 32, 33] , i.e. S H ≤ S BH , where S H is the Hubble entropy and S BH is the black hole entropy, the brane has to be outside of the black hole horizon. Before, we construct/compare our candidates for the Bakenstein-Hawking (BH) black hole entropy (S BH ≡ S) (Eq. (77)) and the Hubble entropy S H , we briefly review the different entropy bounds. The Cardy formula reads [34] 
where the CFT generator (eigenvalue) L 0 represents the productẼ r of the energy and radius, k is the intrinsic curvature of the CFT boundary, c/24 is the shift in eigenvalues caused by the Casimir effect. One can define L 0 in terms of the AdS mass parameterM , and the central charge c in terms of the Casimir energy E C . It has been known that [31, 32] 
Note, when the brane crosses the black hole horizon r = r H , one finds from (94) (or the Friedmann equation (100)): H 0 = ±1/L, the plus (negative) sign corresponds to the expanding (contracting) brane-universe. In other words, the ingoing brane has negative expansion but the outgoing brane has positive expansion.
Different authors have constructed/proposed different bounds/inequalities among the entropy formulas [35] . For example, the Cardy formula puts a bound S < S B , where S B = 2π r d−1Ẽ is the Bakenstein entropy. Note, this bound is valid in cosmology only when r is larger than Hubble radius H 0 r ≥ 1.
The "holographic bound" proposed by 't Hooft and Susskind reads S ≤ S BH , where 
The negative sign for the difference in entropies implies that, in general, one has S H ≤ S BH , when γ > 0. Note, S H given by (113) is the candidate of entropy for the conformal field theory. An obvious observation that S CF T does not coincide with S BH is not surprising with γ = 0, because the conformal invariance of dual theory is generally broken (i.e. T µ µ = 0) when γ = 0, but a direct correspondence between the entropy formulas for the CFT and the FRW equations can be expected only for a radiation dominated (brane) universe. Typically, if the horizon geometry is hyperboloid (k = −1), the difference can still vanish at a critical point r 2 H = 3 L 2 . Of course, for γ = 0 (the couplings α and β can be arbitrary), one has S H = S BH , that is, the entropy of the CFT is equal to the Bakenstein-Hawking entropy of the AdS black hole.
If we assume that γ > 0, then for the k = 0 and k = 1 cases (which correspond to H 0 r ≤ 1, i.e. r H /L ≤ 1 at r = r H ), we find S H ≤ S BH . While, for the k = −1 case (which corresponds to H 0 r > 1 or r H /L > 1 at r = r H ), we find S H > S BH . However, if the coupling γ can be negative, the above inequalities get reversed. The study of de Sitter Schwarzschild black hole seem to be very useful to ratify the recently proposed dS/CFT correspondence, holographic duality, and also to study the conserved quantities in asymptotically de Sitter spaces [37] . We hope to report on this and related topics in a separate publication.
Conclusions
In summary, we presented a linear treatment of higher curvature gravity in the singular single 3-brane model coupled to matter source. We presented the explicit expressions for the graviton propagators, and have shown that the propagators are well behaved in all distance scales on the brane. The zeromode solution has been realized as a localized massless graviton to the brane with correct momentum and tensor structures. Absence of ghost (negative norm) state is one of the interesting features of the RS single brane model with the positive brane-tension and the non-trivial GB coupling.
Then we studied the thermodynamic properties of the AdS Schwarzschild black hole in the context of gravity localized brane-universe. Many of the theories studied here lead to desirable black hole thermodynamics. We have also established certain relations that may exist between the CFT parameters defined on the brane and the bulk parameters associated with the AdS Schwarzschild black hole in five dimensions. The essential new ingredient in the present analysis is the role of the higher curvature terms in explaining the essential features of the black hole thermodynamics and holographic duality.
We established the FRW type equations on the brane, and also presented some remarkable features of the holographic cosmology on the basis of the conjectured AdS/CFT correspondence. We found that, when γ = 0, the contribution of the black hole energy matches with the energy of a CFT living on the boundary, upto a conformal factor L/r, when a brane of vanishing intrinsic curvature (k = 0) crosses the black hole horizon. But this correspondence does not hold, in general, for the (Riemann) 2 gravity, more spcecifically, in the generic higher derivative interactions.
However, the derivative terms for general higher curvature terms clearly vanish for the Gauss-Bonnet invariant R 2 GB (i.e. α = −β/4 = γ), and hence H ab reduces to Of course, one has to justify this approach. We explicitly checked that we can write δT ab =T ac h b c and δĤ ab = δH ab −H ac h b c (bar represents the quantity evaluated about the background value) only ifḡ ij h ij = δ ij h ij = 0 and h µi = 0. That is, we are forced to work on axial gauge g µa = 0, and this is the case we are interested in. 
